The problem of plane waves in micropolar thermoelastic materials with voids has been investigated. Using the linear theory of micropolar thermoelastic materials with voids developed by Passarella [27], we come to know that there exist six waves, which are three coupled dilatational waves, two coupled shear waves and micropolar dilatational wave, in the materials. The phase velocities and their attenuation coefficients of the three coupled and micropolar dilatational and two coupled shear waves are obtained numerically and analytically.
INTRODUCTION
The theory of micropolar continua describes the behaviour of complex materials such as bones, blood, cellular solids and polymers. The micro-structures of the materials are considered and assumed that a continuum model is embedded with microstructure which can explain the microscopic motion along with the long range material interactions. Eringen [1] [2] [3] [4] introduced the non-classical theory for materials having certain kind of microstructure. Parfitt and Eringen [5] discussed the problem of plane waves from the flat boundary of a micropolar elastic half-space and showed the existence of four waves travelling with distinct speeds. They obtained the dispersion relations of plane waves in an infinite micropolar elastic solid and derived the cut-off frequency below which the waves degenerated to a vibratory motion of the medium. Eringen [6] obtained the dispersion relation for the transverse plane waves in linear, nonlocal micropolar elastic solids. Later, Eringen [7] explained the theory of thermo-microstretch elastic solid and established a uniqueness theorem for the mixed initial boundary value problem. He obtained the solution of one-dimensional waves and compared with the lattice dynamical results. Sharma and Kumar [8] studied the propagation of Lamb waves in micropolar thermoelastic plates bordered by inviscid liquid layers with varying temperature. Many researchers attempted to explain the microstructures of the materials, i.e., Ariman [9] , Chanrasekharaiah [10] , Ciarletta and Iesan [11] , Tomar [12] , Singh [13] , Aouadi [14] and Passarella et al. [31] .
The theory of elasticity concerning solid elastic material consisting of vacuous pores (voids) distributed throughout the body has become very important due to its theoretical and practical relevance. Goodman and Cowin [16] developed the theory for granular materials with interstitial voids taking volume distribution as a kinematic variable, independent of the motion. Nunziato and Cowin [17] derived a nonlinear theory of materials with voids for the behaviour of porous solids in which the skeletal or matrix material were elastic and the interstices were voids. With this theory, they attempted to interpret the geological materials like rock, soils and porous materials like ceramics and pressed powders. Cowin and Nunziato [18] presented the linear theory of elastic materials with voids. Iesan [19] obtained the basic equations for thermoelastic materials with voids using Green and Rivlin method [20] . Aouadi [21] derived the linear theory of thermoelastic diffusion in porous media based on the concept of volume fraction and proved the existence of a generalized solution by means of the semi-group of linear operators theory. Chanrasekharaiah [22] studied the problem of thermoelastic plane waves in a transversely isotropic body and concluded that the motion influenced by thermal field took place in three couple modes in transversely isotropic body. Ciarletta and Straughan [23] discussed a model for coupled elasto-acoustic waves, thermal waves and waves associated with the voids in a porous medium. Singh [24] investigated the problem of propagation of couple longitudinal waves in a thermoelastic materials with voids and obtained the amplitude and energy ratios of the reflected waves.
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The study of joint effect of micro-elastic medium and vacuous pores is extremely necessary in various problems of waves and vibrations. Marin [25] attempted the problem of some basic theorems in elastostatics of micropolar materials with voids. Kumar and Choudhary [26] studied the problem of interaction due to mechanical sources in micropolar elastic medium with voids and observed the significant effect of voids and micropolarity in such materials. Passarella [27] investigated the problem of some results in micropolar thermoelasticity using Cowin and Nunziato [18] and Eringen's theory [3] of micropolar thermoelasticity. He derived the fundamental equations for homogeneous isotropic micropolar thermoelastic materials with voids. Mondal and Archarya [28] investigated the problem of surface waves in micropolar elastic solid containing voids and discussed the effect of voids on the propagation of surface waves. Ciarletta et al. [29] obtained the fundamental solution in the system of equations of the steady oscillations of the linear theory of micropolar thermoelasticity for materials with voids. Ciarletta et al. [30] attempted the problem of plane waves and vibrations in the theory of micropolar thermoelasticity for materials with voids using Fourier classical laws and Lebon's theory of heat conduction. They obtained the wave numbers corresponding to the longitudinal and transverse waves. Passarella and Zampoli [15] discussed the problem on the theory of micropolar thermoelasticity without energy dissipation and stated two variation characterizations of the initial boundary value problem of Hamilton and Biot types. The problems of waves and vibrations in such materials may be mentioned, i.e., Acharya and Sengupta [32] , Achenbach [33] , Scalia [34] , Pompei and Scalia [35] , Ciarletta and Sumbatyan [36] , Tomar and Singh [37] , Singh and Tomar [38] , Das et al. [39] and Singh [40] .
In this paper, we have investigated the problem of plane waves in the micropolar thermoelastic materials with voids using the linear theory developed by Passarella [27] . It is observed that there exist six waves in which four of them are dilatational waves and the other two are coupled shear waves. We come to know that the plane waves propagating in micropolar thermoelastic materials with voids are attenuated. Thephase velocity and attenuation coefficients of these waves are obtained numerically and analytically.
GENERAL EQUATIONS
The equation of motion in homogeneous isotropic micropolar thermoelastic materials with voids can be written: [27] (i) Balance of momentum ( )
(ii) Balance of angular momentum
(iii) Balance of equilibrated stress
where T ij and M ij are the stress and coupled stress tensors respectively, f i and I are the body forces and body couple respectively, J ij is the micro-inertia tensor, l and χ are extrinsic body force and equilibrated inertia respectively, g is intrinsic equilibrated body force, h i is an equilibrated stress vector, h, r and q i are respectively entropy, strength of internal heat source and heat flux vector, q 0 is temperature of the materials in a reference state, q is the temperature measured from the reference state, r is the mass density, u i and f i are displacement and micro-rotation vector respectively, y is change in volume fraction, ∈ ijk is an alternating symbol, the superposed dot implies time derivative and the subscript preceded by coma implies derivatives with respect to coordinate axes.
The constitutive equation for homogeneous and isotropic micropolar thermoelastic materials with voids may be written [27] ( ) ( )
where l, m are lame's parameters, a, b, γ, k are micropolar parameters, t is thermal relaxation time, k 0 is thermal conductivity, a, ζ, ξ, s are voids parameters; m, d are thermal parameters and d ij is the Kronecker delta. It may be noted that there is no coupling effect of the wryness tensor and change in volume fraction on the Helmholtz's free energy.
Using Equation (5) into (1)- (4), the linearized equations of motion for homogeneous and isotropic micropolar thermo elastic materials with voids in the absence of body forces and heat sources are given [30] ( ) ( )
where, u = (u 1 , u 2 , u 3 ), f = (f 1 , f 2 , f 2 ), r 1 = rJ and r 2 = rχ are coefficients of inertia. When t = 0, the system of Equations (6)- (9) correspond to Fourier classical law of micropolar thermoelastic material with voids [7] . But if t ≥ 0, the above system of equations correspond for the micro-polar thermoelastic material based on Lebon's law of heat conduction. If the internal energy is non negative [30] , we have
The Helmholtz decomposition theorem says
where, u′, f′ are the scalar potentials corresponding to dilatational waves and u′′, f′′ are vector potentials corresponding to shear waves.
With the help of (11), equations (6)-(9) may be reduced to two systems of equations:
(i) Dilatational waves (a) Coupled dilatational waves:
( )
c u c c c ,
(b) Uncoupled dilatational waves:
where = l+ m r = k r =r = r 
HARMONIC WAVES
For the time harmonic waves, we have
where, w(= kc) is the angular frequency, c is phase velocity, n is the unit normal vector and r is position vector.
Using the Equation (18) into (12)- (15), we obtain the system of equations 
and ( )
where ξ = + = r = ξ r 
These equations correspond to the dilatation waves.
Similarly, using the Equation (18) into (16)- (17), we get ( )
which corresponds to shear waves.
From the non-trivial solutions of Equation (19), we have
where, = − 
Eq. (24) is cubic in c 2 and by taking c 2 = V, we have
The roots of Eq. (25) correspond to the phase velocity of coupled dilatational waves.
Similarly, with the help of Equations (21) and (22), we get Equation (26) can be written as
Equation (27) is quadratic in c 2 and taking c 2 = V, we have
This equation gives the phase velocity corresponding to the coupled shear waves [5] .
PHASE VELOCITY & ATTENUATION
We have seen that if the roots are complex and hence the corresponding waves are attenuating in nature. If we take 
where, V i are the solutions of frequency equations corresponding to the dilatational and shear waves.
For Dilatational Waves
If V i (i = 1, 2, 3) are the roots of Equation (25) ( )
where,
Equation (20) gives the phase velocity corresponding to the fourth dilatational wave as
c c V c
This wave is also known as micropolar wave and dispersive. The phase velocity of the fourth dilatational wave depends on the angular momentum and micropolar parameters. We have seen that c 7 is the cutoff frequency for the micropolar wave below which the wavenumber vanishes. Proof: The proof is trivial and is the consequence of Equation (33).
For Shear Waves
The phase velocities corresponding to the coupled shear waves are obtained by solving Equation (28) and their expressions are given by
where, R 2 = M 2 -4NL. We come to know that the phase velocities corresponding to the coupled shear waves in micropolar thermoelastic materials with voids depend on the angular frequency, micropolar parameters and elastic constants. Proof: The proof is clear from Equation (38) . We have seen that the phase velocity corresponding to fourth Solving Equation (39), we get the phase velocities of coupled dilatational waves as
We have seen that there is no changed in the phase velocities corresponding to fourth dilatation and the two coupled shear waves due to thermal parameters. Their values are given by Equations (33) and (38) . So, there are five waves in which three are dilatational and two are coupled shear waves. 
There is no effect on the fourth dilatational wave and the coupled shear waves. So, wecome to know there are five waves in the micropolar thermoelastic materials. Inserting all these values in Eq. (25), we get
This is the phase velocity of dilatational wave so call longitudinal displacement wave. There are no changes in the phase velocities of micropolar dilatational wave and two coupled shear waves. These are the results of Ariman. In such materials, there are three coupled dilatational waves and their phase velocities are given by Equation (44)
which is the phase speed of shear wave in classical elasticity [33] .
Case 5: If we neglect thermal, voids and micropolar effect, the medium reduces to isotropic elastic material as (25) and (28), we get the phase velocities of dilatational and shear waves, respectively as V = (l + 2m)/r and V = μ/r.
These results are the results of the classical elasticity [33] .
NUMERICAL RESULTS AND DISCUSSION
In order to compute the phase velocities and attenuation coefficients, the following parameters for modified aluminium-epoxy composite material are taken [8] and numerical values corresponding to the voids are taken arbitrarily. We come to know that fourth dilatational wave (FDW) and first coupled shear wave (FCSW) are attenuated only when w < c 7 ; and second coupled shear wave (SCSW) is nonattenuated. We have observed that the values of phase velocity of SCDW and TCDW decrease and increase respectively with the increase of J.
In Fig. 4 , Curves I & II show that the phase velocity of the FDW increase initially upto the maximum value and then, they decrease to the minimum value near ω = 0.5 thereby making a constant value with the increase of ω, while Curve III show that it is decreasing initially and makes a constant value with the increase of ω. We have observed that with the increase of J, the values of phase velocity of FDW decrease. Fig. 5 shows that the phase velocity of FCSW increases initially and then makes a constant value with the increase of ω. We have seen in Fig. 6 that the nature of phase velocity of SCSW is similar to that of FDW.
In Figs. 7 & 8 , the attenuation coefficient corresponding to FCDW increases with the increase of ω, while that of TCDW decreases with the increase of ω.
The values of the attenuation coefficients of FCDW and SCDW increase and decrease respectively, with the increase of J. The attenuation coefficient of TCDW in Fig. 9 increases initially and then decreases with the increase of ω. We have observed that the values of attenuation coefficient corresponding to FCSW increases with the increase of J, while that of SCDW and TCDW decrease with the increase of J. Thus, phase velocities of the dilatational and shear waves are affected by the micro-inertia parameter (J) and angular frequency (ω). In Figs. 10-15 , we have compared the two theories, i.e., Fourier classical law (t = 0) and Lebon's laws of heat conduction (τ ≥ 0). It may be noted that the variation of phase velocities corresponding to coupled dilatational waves with ω at different values of thermal relaxation time (τ) are seen in Figs. 10-12 , while that of the attenuation coefficients are seen in Figs. 13-15 .
In Figs. 10-12 , the values of phase velocity of FCDW, SCDW and TCDW are greater in Fourier classical law than that of Lebon's laws of heat conduction. We have seen that the values of the attenuation coefficients of FCDW in 
CONCLUSIONS
The problem of propagation of plane harmonic waves in micropolar thermoelastic materials with voids has been investigated. We have obtained the phase velocities of the dilatational and shear waves using the linear theory of micropolar thermoelastic materials with voids. There exist four dilatational waves, which three of them are coupled (FCDW, SCDW, TCDW) and uncoupled micropolar dilatational waves (FDW); and two shear waves (FCSW, SCSW) which are coupled together. These phase velocities and their attenuation coefficients are computed numerically and presented graphically. We may conclude the following remarks:
